References

[1] Akata, M.; Karube, S.-I.; Sakamoto, T .; Saito, T .; Yoshida, S.; Maeda, T . “A 250 Mb/s 32x32 CMOS crosspoint LSI for A TM switching systems,” IEEE J. Solid-State Circuits, Vol.25, No.6, pp.1433-1439, Dec. 1990.

[2] Ali, M.; Nguyen, H. “A neural network implementation of an input access scheme in a highspeed packet switch,” Proc. of GLOBECOM 1989, pp.1 192-1196.

[3] Anderson, T .; Owicki, S.; Saxe, J.; and Thacker , C. “High speed switch scheduling for local area networks,” ACM Trans. on Computer Systems.Nov 1993 pp. 319-352.

[4] Anick, D.; Mitra, D.; Sondhi, M.M. “Stochastic theory of a data-handling system with multiple sources,” Bell System Technical Journal, Vol.61, pp.1871-1894, 1982 .

[5] Brown, T .X; Liu, K.H. “Neural network design of a Banyan network controller ,” IEEE J.

Selected Areas Communications, Vol.8, pp.1289-1298, Oct. 1990.

[6] Chen, M.; Georganas, N.D., “A fast algorithm for multi-channel/port traffic scheduling”

Proc. IEEE Supercom/ICC ‘94, pp.96-100.

[7] Cruz, R., “A calculus for network delay , part I: network elements in isolation,” IEEE T rans.

Information Theory , Vol. 37, No.1, pp.1 14-121, 1991. [8] Demers, A.; Keshav , S.; Shenker , S. “Analysis and simulation of a fair queueing algorithm.”

Internetworking: Research and Experience , Sept. 1990, vol.1, (no.1):3-26.

[9] Dinic, E.A. “Algorithm for solution of a problem of maximum flow in a network with power estimation,” Soviet Math. Dokl. V ol.11, pp. 1277-1280, 1970.

[10] Elwalid, A.I.; Mitra, D. “Effective bandwidth of general Markovian traffic sources and admission control of high speed networks,” IEEE/ACM Trans. Networking, June 1993, vol.1, (no.3):329-43.

[11] Eng, K.; Hluchyj, M.; and Y eh, Y. “Multicast and broadcast services in a knockout packet switch,” INFOCOM ‘88, 35(12) pp.29-34.

[12] Even, S.; T arjan, R.E. “Network flow and testing graph connectivity”, SIAM J. Comput., 4 (1975), pp.507-518.

[13] Gale, D.; Shapley , L.S.; “College Admissions and the stability of marriage”, American

Mathematical Monthly, Vol.69, pp9-15, 1962.

[14] Giacopelli, J.; Hickey , J.; Marcus, W .; Sincoskie, D.; and Littlewood, M. “Sunshine: A high-performance self-routing broadband packet switch architecture,” IEEE J. Selected

Areas Communications, Vol.9, No.8, pp.1289-1298, Oct 1991.

[15] Gusfield, D; Irving, R; “The Stable Marriage Problem: Structure and Algorithms”, The

MIT Press, Cambridge, MA, USA. 1989.

[16] Heffes, H.; Lucantoni, D. M., “A Markov modulated characterization of packetized voice and data traffic and related statistical multiplexer performance,” IEEE J. Selected Areas in

Communications, 4, 1986, pp.856-868.

[17] Hopcroft, J.E.; Karp, R.M. “An algorithm for maximum matching in bipartite graphs,” Society for Industrial and Applied Mathematics J. Comput., 2 (1973), pp.225-231.

[18] Hopfield, J.J. “Neural networks and physical systems with emergent collective computational abilities,” Proc. National Academy of Science, Vol. 79 pp.2554-2558, 1982.

[19] Huang, A.; Knauer , S. “Starlite: A wideband digital switch,” Proc. GLOBECOM ‘84 (1984), pp.121-125.

[20] Hui, J.; Arthurs, E. “A broadband packet switch for integrated transport,” IEEE J.

Selected Areas Communications, 5, 8, Oct 1987, pp 1264-1273.

[21] Jain, R.; Routhier , S.A. “Packet T rains: measurements and a new model for computer network traffic,” IEEE J. Selected Area Communications, Vol.4, pp.986-995, 1986.

[22] Karol, M.; Hluchyj, M.; and Morgan, S. “Input versus output queueing on a space division switch,” IEEE Trans. Communications, 35(12) (1987) pp.1347-1356.

[23] Karol, M.; Hluchyj, M. “Queueing in high-performance packet-switching,” IEEE J. Selected

Area Communications, Vol.6, pp.1587-1597, Dec. 1988.

[24] Karol, M.; Eng, K.; Obara, H. “Improving the performance of input-queued A TM packet switches,” INFOCOM ‘92, pp.1 10-115.

[25] Karp, R.; V azirani, U.; and V azirani, V . “An optimal algorithm for on-line bipartite matching,” Proc. 22nd ACM Symp. on Theory of Computing, pp.352-358 Maryland, 1990.

[26] Knuth, D.E; “Marriages Stables”, Les Presses de l’Université de Montréal, Montréal, 1976. [27] Kumar , P.R.; Meyn, S.P .; “Stability of Queueing Networks and Scheduling Policies”, IEEE

Transactions on Automatic Control, Vol.40, No.2, Feb. 1995.

[28] Low, S.; Varaiya, P . “Burstiness bounds for some burst reducing servers,” Proc. INFO-

COM ‘93, pp.2-9, March 1993.

[29] Kelly , F.P.. “Effective bandwidths at multiclass queues,” Queueing Systems Theory and

Applications, Oct. 1991, vol.9, (no.1-2):5-15.

[30] Keshav , S. “On the efficient implementation of fair queueing,” Internetworking: Research

and Experience, Sept. 1991, vol.2, (no.3):157-73.

[31] Kesidis, G.; W alrand, J.; Chang, C.-S. “Effective bandwidths for multiclass Markov fluids and other A TM sources.” IEEE/ACM Transactions on Networking, Aug. 1993, vol.1, (no.4):424-8.

[32] Leland, W .E.; Willinger , W.; Taqqu, M.; W ilson, D. “On the self-similar nature of Ethernet traffic”, Proc. of Sigcomm, San Francisco, 1993, pp.183-193.

[33] Li, S.-Y . “Theory of periodic contention and its application to packet switching”, Proc. of

INFOCOM 1988, pp.320-325.

[34] Marrakchi, A.; T roudet, T .P. “A neural net arbitrator for large crossbar packet switches,”

IEEE Trans. Circuits and Systems, Vol.CAS-36, pp.1039-1041, July 1989.

[35] Matsunaga, H.; Uematsu, H. “A 1.5Gb/s 8x8 cross-connect switch using a time reservation algorithm,” IEEE J. Selected Area Communications, Vol.9, No.8, pp.1308-1317, Oct. 1991.

[36] Neuts, M. “Matrix Geometric Solutions in Stochastic Models: An Algorithmic Approach,”

Johns Hopkins University Press, Baltimore, 1981.

[37] Obara, H. “Optimum architecture for input queueing A TM switches,” IEE Electronics Let-

ters, pp.555-557, 28th March 1991.

[38] Obara, H.; Hamazumi, Y . “Parallel contention resolution control for input queueing A TM switches,” IEE Electronics Letters, V ol.28, No.9, pp.838-839, 23rd April 1992.

n^{5/2}

[39] Obara, H.; Okamoto, S.; and Hamazumi, Y . “Input and output queueing A TM switch architecture with spatial and temporal slot reservation control” IEE Electronics Letters, pp.22- 24, 2nd Jan 1992.

[40] Tamir , Y.; Frazier , G. “High performance multi-queue buffers for VLSI communication switches,” Proc. of 15th Ann. Symp. on Comp. Arch., June 1988, pp.343-354.

[41] Tarjan, R.E. “Data structures and network algorithms,” Society for Industrial and Applied

Mathematics, Pennsylvania, Nov 1983.

[42] Troudet, T .P.; Walters, S.M. “Hopfield neural network architecture for crossbar switch control,” IEEE Trans. Circuits and Systems, Vol.CAS-38, pp.42-57, Jan.1991.

[43] Wolff, R.W. “Stochastic modeling and the theory of queues,” Prentice Hall Intl. , New Jersey, 1989.

[44] Zhang, H.; Keshav , S. “Comparison of rate-based service disciplines,” Computer Communi-

cation Review, Sept. 1991, vol.21, (no.4):1 13-21.

[45] Zhang, L. “V irtual Clock: A New T raffic Control Algorithm for Packet Switching Networks,” ACM Transactions on Computer Systems, Vol 9. No.2, pp.101-124, May 1991.

APPENDIX 1

Arbiter Synchronization for Single-Iteration SLIP

In this appendix, we find an approximate expression for the expected number of synchronized output schedulers, .

We partition the set of switch inputs into two subsets at time t: , the set of inputs that are matched and , the set of inputs that are not matched. If the arrival rate averaged across all inputs is λ , then for a sustainable and stationary ergodic arrival process the expected match size is and on average, inputs will send a cell. Clearly then, the expected size of and are

. (1) Similarly, we partition the set of switch inputs into two subsets at time t:

A^O(t)and B^O(t). A^O(t) is the set of outputs that are matched to inputs in A(t), and B^O(t) are the outputs not matched at time t.

As a result of the matching at time t, the set is transformed into the set , the set of inputs that the outputs in A^O(t) point to at time t+1. Each element in is unique, and because

E S t( )[ ]

I 1 … N , , { } = A t( ) B t( )

λ N λ N A t( ) B t( )

E A t( )

[ ] λ N= E B t( )[ ] 1 λ–( ) N λ N = = , O 1 … N , , { } =

A t( ) Ã t 1+( ) A t( ) they were matched at time t, each element mapped from into is also unique. The expected size of is . (2) Because none of its elements are matched, the set is unchanged, i.e. .

To determine , the expected number of synchronized output arbiters at time t+1, we must find the number of elements in that are still unique and the number that clash with elements mapped from . Without loss of generality, and to simplify our calculations, we assume that a one-to-one mapping is applied to such that and hence . As before, the elements of are unique, and we can think of the elements of as randomly distributed over I. This is shown in Figure A1.1.

To find , we partition into elements that are mapped into , and elements that are mapped into .

A t( ) Ã t 1+( ) Ã t 1+( ) E Ã t 1+( )

[ ] E Ã t( )[ ] E A t( )[ ] λ N

= = = B t( ) B̃ t 1+( ) B t( )=

E S t 1+( ) [ ] Ã t 1+( ) B t( ) Ã t 1+( ) Ã t 1+( ) A t( )= B̃ t 1+( ) B t( )≠ Ã t 1+( )

B̃ t 1+( )

FIGURE A1.1 Mapping of matched and unmatched inputs at time t, to modified sets at time t+1.

Ã t 1+( ) B̃ t 1+( )

A t( ) B t( )

B1 t( )

I

B0 t( )

E S t 1+( )

[ ] B t( ) B_0 t( ) Ã t 1+( ) B_1 t( ) B̃ t 1+( )

Finally, we define and as the number of unique elements in and

respectively, and

. (3) If we assume that under the mapping the elements of are uniformly distributed in I, then

(4)

and,

(5)

Hence, (6)

To find we need to know the distributions of and . Unfortunately, both random variables depend on the traffic arrival pattern. Furthermore, we cannot use Jensen’s inequality to bound Eq. 6 from below or above. This is because Eq. 4 is a concave function of and whereas Eq. 5 is convex.

However, simulations with a variety of arrival patterns indicate that is relatively insensitive to traffic statistics. We therefore approximate the random variables with

and .

U_A t 1+( ) U_B t 1+( ) Ã t 1+( )

B̃ t 1+( )

E S t 1+( )

[ ] N E U_A t 1+( ) [ ] – E U_B t 1+( ) [ ] – = B t( )

E U_A t 1+( ) Ã t 1+( ) B_0 t( ), Ã t 1+( ) A

~ t 1+( ) 1– Ã t 1+( )

------------------------------

B0^{t( )} ⋅ = E U_A t 1+( ) B t( ) B_1 t( ),

[ ] N B t( )–( ) N B t( )–( ) 1– N B t( ) – ( ) --------------------------------------

B^{t( ) B–} 1^{t( )} ⋅ = ∴

E U_B t 1+( ) B̃ t( ) B_1 t( ), B_1 t( ) B

~ t 1+( ) 1– B̃ t 1+( )

------------------------------

B1^{t( ) 1–} ⋅ = E U_B t 1+( ) B t( ) B_1 t( ), B_1 t( ) B t( ) 1– B t( )

---------------------

B1^{t( ) 1–} ⋅ = ∴

E S t 1+( ) B t( ) B_1 t( ), N N B t( ) – ( ) N B t( )–( ) 1– N B t( ) – ( ) --------------------------------------

B^{t( ) B–} 1^{t( )} B_1 t( ) B t( ) 1– B t( )

---------------------

B1^{t( ) 1–} . ⋅ – ⋅ – =

E S t 1+( )

[ ] B t( ) B_1 t( )

B t( ) B_1 t( )

E S t 1+( ) [ ]

B t( ) E B t( )[ ]

≈ λ N= B_1 t( ) E B_1 t( )[ ]

≈ λ^2N =

This leads us to the approximation,

. (7)

E S t( )[ ] N λ N λ N 1– λ N ---------------- λ λ N – λ^2N λ N 1– λ N ---------------- λ^{2N 1–} – ≈

APPENDIX 2

Stability of Single-Iteration SLIP Algorithm

1 Single-Step Drift Analysis of 2x2 Switch with 1 Queue 1.1 First Appr oximation

Consider the switch in Figure A2.1. All three arrival processes are i.i.d. Bernoulli. We wish to find the values of λ , ε_1 and ε_2 for which the switch is stable.

Define to be the expected value of (the occupancy of Q(1,1) at time n+1) conditioned on and

. (1)

λ ε_1

ε_2

L(n)

FIGURE A2.1 2x2 switch with a single queue.

L̂ L n 1+( ) L n( ) L n( ) 0> L̂ E L n 1+( ) L n( ) L n( ) 0>, [ ] =

If then has a single-step positive drift which means that and the switch is unstable.

This system may be described as a discrete-time Markov chain (DTMC) with state (2) where L is the occupancy of , the value of the pointer g_1 at output 1, and the value of the pointer a_1 at input 1. The evolution of state for the switch using the SLIP algorithm, conditioned on and is shown below

where . The state transition matrix, P conditioned on and is

(3)

from which we obtain the steady-state distribution

(4)

From π we find

L̂ L n( )

– 0> L n( ) E L n( )[ ] ∞→

X_L g_1 a_1,( ) = Q 1 1,( )

L n( ) 0> λ 0=

L (0, 0) L (0, 1) L (1, 0) L (1, 1)

L-1 (0, 0) L-1 (0, 1) L-1 (1, 0) L-1 (1, 1) ε_2 ε_1 ε_1ε_2 ε_1ε_2 ε_1ε_2 ε_2 ε_1 1

ε_1ε_2 g_1 a_1

ε_1 1 ε_1–

= ε_2, 1 ε_2–= L n( ) 0> λ 0=

P 0 0 0 1 ε_1 0 0 ε_1 ε_2 0 0 ε_2 ε_1ε_2 ε_1ε_2 ε_1ε_2 ε_1ε_2 =

π 1 1,( ) 1 1 ε_1ε_2 ε_1ε_2 ε_1ε_2 1 ε_1 ε_2+ + ( ) + + +

---------------------------------------------------------------------------------------- = π 1 0,( ) ε_1ε_2 π L 1 1, ,( ) ⋅ = π 0 1,( ) ε_1ε_2 π L 1 1, ,( ) ⋅ = π 0 0,( ) ε_1ε_2 1 ε_1 ε_2 + + ( ) [ ] π L 1 1, ,( ) ⋅ =

(5) which if we consider the arrivals at rate λ gives J, the expected single-step increase function (6) where we define because of the symmetric and identical dependence on ε_1 and ε_2. The unstable region of operation is given by

. (7)

We can find the maximum positive drift (the “most unstable operating point”) by defin- ing (8) From Eq. 6 we find that which tells us that the drift can be positive for any value of , or alternatively

. (9)

1.2 Second Appr oximation

The first approximation assumes that cells arriving at rates ε_1 and ε_2 are discarded if they are not successfully scheduled. However, if unsuccessful cells are queued rather than discarded, they will affect the service rate of over multiple cell times. We model this effect by approximating the busy and idle cycles of input queues and with a 2-state Markov process, shown in Figure A2.2.

The behavior of and may be modelled by an M/G/1 queue with an arrival rate λ_2 and service rate . From [43] the expected duration of the busy and idle cycles

(10)

(11)

L̂ L n( ) 1 1 ε_1ε_2 ε_1ε_2 ε_1ε_2 1 ε_1 ε_2+ + ( ) + + +

---------------------------------------------------------------------------------------- – =

J λ 1 1 2ε ε^2 2ε^3– + + ----------------------------------------- – = ε ε_1= ε_2=

λ 1 1 2ε ε^2 2ε^3– + + ----------------------------------------- >

J_{max}

λ 1 ε– δ,– = δ 1< J_{max δ 0=} 0.098 ≈ δ 0.098 < J 0> λ ε+ 1 0.098–> ⇒

Q 1 1,( ) Q 1 2,( ) Q 2 1,( )

Q 1 2,( ) Q 2 1,( ) 1 1 2 --λ_1 – E B[ ] 1 1 1 2 --λ_1 – λ_2– ------------------------------------ p 1 p–

----------- = =

E I[ ] 1

λ_2

----- q

1 q–

----------- = = from which we obtain p and q as functions of λ_1 and λ_2.

To find

(12)

we model the evolution of the system using a DTMC with state

(13)

λ_1 Μ(n)

L(n)

busy

idle p

1-p

q

1-q

Μ(n)

M(n)=1

M(n)=0

FIGURE A2.2 (a) Approximation of arrivals as an on-off process modulated by a 2-state discrete-time Markov chain, M(n). (b) The arrival process models the busy/idle cycles of input queues Q(1,2) and Q(2,1). (c) The Markov chain alternates between the busy and idle states. In the busy state, the arrival rate is 1. In the idle state the arrival rate is 0.

(a)

(b) (c)

λ_2

M/G/1

L̂ E L n 1+( ) L n( ) L n( ) 0>, [ ] =

X g_1 a_1 s_1 s_2 , , , ( ) =

APPENDIX 2 Stability of Single-Iteration SLIP Algorithm 105

where s_i is the state (busy or idle) of the 2-state DTMC modulating the arrival process at input

i. The state 16x16 transition matrix is

from which we find the steady-state distribution

. (15)

For brevity, we show an example of just one element of the distribution

We find from π and the expression

(17)

This leads to an expression for the single-step drift function J as the ratio of two 10th degree

polynomials. As a result, we have only been able to find the conditions on λ_1 and λ_2 numerically

such that J is negative and the switch is stable.

P =

01 00 10 11 0100 10 11 0100 10 11 00 01 10 11 00 01 10 11 00 01 10 11

(14)

01 00 10 11

00 01 10 11

s_1 s_2, B B,( ) = B I,( ) I B,( ) I I,( )

I,()IB,()BI,()B,()

p^2

pq

q^2 pq pq p^2 p^2 p^2

qq pp pp pp pp pp pp pp pp

pq pq pq pq pq pq pq pq pq pq pq pq pq

pq pq pq pq pq pq pq pq pq pq pq pq pq pq pq pq

q^2 q^2 q^2 q^2 q^2 q^2 q^2 qq qq qq qq qq qq qq pp pp pp pp

π π B B 0 0 , , , ( )… π I I 1 1, , ,( ) , ( ) =

π B B 0 0 , , , ( ) p q 1–( )^2 p^2q^2 pq^2– p^3q 3qp^2– 5pq 2q– p^3– p^2 3p– 2

+ + + + ( ) q^2p^3 p^2q^2 3q^2p

– q^2 p^4q p^3q– p^3q– 2qp^2– 7pq 3q– p^4 p^3 2p^2 3p– 3

+ + + – + + + +

( ) q 2– p+( )^2

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------------- = (16)

L̂

L̂ L n( ) π B B 0 0 , , , ( ) π B I 0 0, , ,

( ) π I B 0 0 , , , ( ) π I I 0 0, , ,( ) π B I 1 0, , ,( ) π I B 0 1 , , , ( ) π I I 0 1, , ,( ) π I I 1 0, , ,( ) π I I 1 1, , ,( )

+ + + + + + + + [ ] – =

2 Matrix Geometric Solution for 2x2 Switch with 1 Queue

Consider again the switch in Figure A2.1. In this section, we find the steady-state distribution function for the queue occupancy, L and find the values of λ and ε necessary for stability. To do this, we use the matrix-geometric technique of Neuts [36]. We define the state

(18)

where and wish to solve the infinite sys-

tem of linear equations

(19) where

, (20) e is the column vector with all its elements equal to 1, and the transition probability matrix is of the form

. (21)

In this example, is most easily understood when separated into two parts, conditioned on whether or not an arrival occurs

(22)

X X_0 X_1 X_2 … , , , [ ] =

X_L L g_1 a_1 , , ( ) g_1 0 1,{ } a_1 0 1,{ }∈, ∈ ; { } =

Π Π P̃, = Π e 1=

Π Π_0 Π_1 Π_2 … , , , [ ] , = Π_i steady-state distribution of X_i =

P̃ B_0 A_0 0 … B_1 A_1 A_0 … B_2 A_2 A_1 … … … … … =

P̃

P̃ λ P̃_λ λ P̃_λ+ = where and are

Clearly, is of the form of Eq. 21.

To find the steady state distribution Π, we use Lemma 1.2.3 and Theorem 1.2.1 of [36]. If is

positive recurrent, then we can find (using a method outlined on page 9 of [36]) a unique matrix R

which satisifies the equation

, where is as shown in Eq. 21. (23)

such that for , the spectral radius of R,sp(R)<1, the matrix

(24)

P̃_λ P̃_λ

P̃_λ =

01 00 10 11 0100 10 11 0100 10 11 00 01 10 11 00 01 10 11 00 01 10 11

1 ε ε ε^2 ε ε ε^2 εε εε 1 ε ε ε^2 ε ε ε^2 εε εε 1 ε ε ε^2 ε ε ε^2 εε εε

P̃_λ =

01 00 10 11 0100 10 11 0100 10 11 00 01 10 11 00 01 10 11 00 01 10 11

1 ε ε ε^2 ε ε ε^2 εε εε 1 ε ε ε^2 ε ε ε^2 εε εε

1 ε ε ε^2 ε ε εε εε ε^2

L=0 L=1 L=2

P̃ P̃

R R^k

k 0=

∞ ∑^Ak

= A_k

Π_{i 1+} Π_iR

= i 0≥

B R[ ] R^kB_k

k 0=

∞ ∑^=

is stochastic,

, and (25) . (26) Alternatively, for the Markov chain to be positive recurrent (i.e. for the system to be stable) it is necessary that the spectral radius of R be less than 1.

Solving for R and B[R] we obtain

(27)

, (28)

where

. (29) The spectral radius

(30) which is identical to the stability requirement of Eq. 7.

We can also solve Eq. 25 and Eq. 26 above to find . The resulting expression is a vector of elements, each of which is the ratio of two 6th order polynomials in ε and λ from which we can successively generate . We do not repeat these (long) expressions here.

Π_0 I R–( )^{1–} e 1= Π_0 Π_0B R[ ] =

R g ε λ,( )

0 0 0 0 1 2ελ – 2ε^2λ + 1 ε–( ) ελ 1 ε–( ) ελ λ 1 λ–

----------- 1 2ελ – 2ε^2λ + 1 ε–( ) ελ 1 ε–( ) ελ λ 1 λ–

-----------

ε 3 2ε– 2λ– 2ελ+

( ) 1 ε– 1 ε– λ 2 ε 2ε^2– 2ελ– 2ε^2λ + + ( ) 1 λ–

----------------------------------------------------------------------

=

B R[ ] 1 λ– 0 0 λ ε 1 λ–( ) 1 ε– λ– ελ+ 0 λ ε 1 λ–( ) 0 1 ε– λ– ελ+ λ ε^2 1 λ–( ) 1 ε–( ) ε 1 λ–( ) 1 ε–( ) ε 1 λ–( ) 1 2ε– ε^2 2ελ ε^2λ–+ + =

g ε λ,( ) ελ 1 2ελ – ε^2λ– 2ε^3λ 2ε^2λ^2 2ε^3λ^2– + + ( ) ----------------------------------------------------------------------------------------------------- =

sp R( ) 1< λ 1 1 2ε ε^2 2ε^3– + + ----------------------------------------- < ⇔

Π_0

Π_1 Π_2 Π_3 … , , ,

APPENDIX 3

Stability of 2x2 Switch

1 Stability of 2x2 Switch with 3 Active Flows (Theorem 4.2)

In this section, we find sufficient conditions on a scheduling algorithm for a 2x2 switch with 3 active flows such that the switch is stable under all admissible, arrival processes with i.i.d. interarrival times. The switch is illustrated in Chapter 4 Figure 4.6.

1.1 Definitions

Define the vector of queue occupancies

. (1) We now consider the single-step change in conditioned on whether the switch is in configuration A or B, as shown in Chapter 4 Figure 4.6:

L n( ) L_{1 1,} n( ) L_{1 2,} n( ) L_{2 1,} n( ) , , ( ) = L n( )

(2)

where (3) We define the quadratic Lyapunov function

where . (4)

1.2 Problem statement

If we can find a such that , then the queue occupancy has a downward drift and the switch is said to be stable.

1.3 Solution

As there is no systematic method for finding we must guess its form. We assume that is symmetric, i.e. . Further, we guess that if the switch is stable under all admissible offered loads, then it will be marginally stable when and . i.e.

. (5) This leads us to the guess

. (6)

This matrix leads to a stable switch under the following conditions.

L_{1 1,} n 1+( ) L_{1 1,} n( ) 1–

[ ]^+ η_1+ = L_{1 2,} n 1+( ) L_{1 2,} n( ) η_2+ = L_{2 1,} n 1+( ) L_{2 1,} n( ) η_3+ = Configuration A

L_{1 1,} n 1+( ) L_{1 1,} n( ) η_1+ = L_{1 2,} n 1+( ) L_{1 2,} n( ) 1–

[ ]^+ η_2+ = L_{2 1,} n 1+( ) L_{2 1,} n( ) 1–

[ ]^+ η_3+ = Configuration B

η_i

1, if an arrival occurs at queue i, w.p. λ_i 0, else =

V L n( )

( ) L n( )^TQL n( )

= 0 ,≥ Q q_{ij}[ ] q_{ij} 0≥,=

Q E V L n 1+( )

( ) V L n( )( )

– L n( ) [ ] 0<

Q Q q_{ij}[ ] q_{ji}[ ] = λ_2 λ_3 1

= = λ_1 0=

E V L n 1+( )

( ) V L n( )( )

– L n( ) λ_2 λ_3 1

= = λ_1 0= , , [ ] 0=

Q a 4 2 2 2 1 1 2 1 1

, for any integer, a =

Q

Conditioned on :

(7)

(8)

Similarly, conditioned on either or : (9) whereas .

Finally, conditioned on :

(10) whereas .

1.4 Stable Algorithms

The value of above enables us to define the following algorithm that will be stable under all admissible traffic with i.i.d. arrivals for a 2x2 switch with three active flows:

1. If , set crossbar to configuration B. 2. Else, if either or , set crossbar to configuration A. 3. Else, set crossbar configuration to either A or B.

2 Relative Queue Sizes (Theorem 4.3)

In this section we prove that if or any arrival process to a 2x2 switch, if for some n

L_{1 1,} n( ) 0 L_{1 2,} n( ) , 0 > > L_{2 1,} n( ) 0> , E V L n 1+( )

( ) V L n( )( )

– L n( ) A,

[ ] 2– 2λ_1 λ_2 λ_3

+ + + ( ) = 2– 2λ_1 λ_2 λ_3 4L_{1 1,} n( ) 2L_{1 2,} n( ) 2L_{2 1,} n( )

+ + + + + + ( ) 0< E V L n 1+( )

( ) V L n( )( )

– L n( ) B,

[ ] 2– 2λ_1 λ_2 λ_3

+ + + ( ) = 2– 2λ_1 λ_2 λ_3 4L_{1 1,} n( ) 2L_{1 2,} n( ) 2L_{2 1,} n( )

+ + + + + + ( ) 0< L_{1 2,} n( ) 0= L_{2 1,} n( ) 0=

E V L n 1+( )

( ) V L n( )( )

– L n( ) A, [ ] 0< E V L n 1+( )

( ) V L n( )( )

– L n( ) B,

[ ] maybe greater than 0

L_{1 1,} n( ) 0=

E V L n 1+( )

( ) V L n( )( )

– L n( ) B, [ ] 0< E V L n 1+( )

( ) V L n( )( )

– L n( ) A,

[ ] > 0

Q

L_{1 1,} n( ) 0=

L_{1 2,} n( ) 0= L_{2 1,} n( ) 0=

L_{1 1,} n( ) L_{2 2,} n( ) + { } L_{1 2,} n( ) L_{2 1,} n( )+ { } – 3≤ then for all . (12) For convenience, define (13) and assume without loss of generality that , i.e. (14) for some . Finally, define (15)

. (16)

Theor em A3.1: All possible single step increases in are shown in Figure 3.1. Proof:

n′ n≥ L_{1 1,} n′( ) L_{2 2,} n′( ) + { } L_{1 2,} n′( ) L_{2 1,} n′( )+ { } – 4≤

L_A n( ) L_{1 1,} n( ) L_{2 2,} n( ) , + = L_B n( ) L_{1 2,} n( ) L_{2 1,} n( )+ = L_A n( ) L_B n( ) ≥ L_A n( ) L_B n( ) D n( )+ = D n( ) 0≥

L_M n( ) max L_A n( ) L_B n( ),( ) = L_m n( )

L_A n( ) if L_M n( ) L_B n( ) = L_B n( ) if L_M n( ) L_A n( ) = =

D n( )

FIGURE A3.1 All possible single-step increases in . Arrows marked: require two arrivals, which means that both queues in are non-empty in the next cell time. D n( ) L_M n( )

1 3 2 4

0

Case (i): . First we consider all possible values of when , i.e. . We shall assume, without loss of generality that the two queues that contribute to are served at time n.

At most two cells can arrive to the switch in a cell time, which means that

(17)

and that at most two cells can depart from the switch in a cell time, which means that

. (18)

Note that there can only be 0 departures if and only 1 departure if either or .

From Eq. 17 and Eq. 18 we find the following possible increases when .

(19)

Note that if and only if two arrivals occur. This means that both queues that contribute to are non-empty.

Case (ii)-(iv): . By enumerating all transitions, as for , we find the transitions from 1, 2, 3 in Figure 3.1.

Case (v): . In cases (i)-(iv) we found that transitions into require that two arrivals occur and that both of the queues that contribute to when are non-empty. As a result, the matching at time n serves two queues, hence

D n( ) 0= D n 1+( ) D n( ) 0= L_A n( ) L_B n( )= L_A n( )

L_B n 1+( ) L_B n( )

0 : 0 arrivals 1 : 1 arrival 2 : 2 arrivals + =

L_A n 1+( ) L_A n( )

2 : (2 dep. and 0 arr.), – 1 : (2 dep. and 1 arr.), or (1 dep and 0 arr.) – 0 : (2 dep. and 2 arr.), or (1 dep and 1 arr.) 1 : (1 dep. and 2 arr.), or (0 dep and 1 arr.) + =

L_A n( ) 0= L_{1 1,} n( ) 0= L_{2 2,} n( ) 0=

D n( ) D n( ) 0=

D n 1+( )

1 : L_A n( ) L_A n( ) 1– → ( ) L_B n( ) L_B n( )→( ) , 2 : L_A n( ) L_A n( ) 1– → ( ) L_B n( ) L_B n( ) 1+ → ( ) , 3 : L_A n( ) L_A n( ) 2– → ( ) L_B n( ) L_B n( ) 1+ → ( ) , 4 : L_A n( ) L_A n( ) 2– → ( ) L_B n( ) L_B n( ) 2+ → ( ) , =

D n( ) 4=

L_M n 1+( )

D n( ) 1 2 3, ,

= D n( ) 0=

D n( ) 4= D n( ) 4= L_M n( ) D n( ) 4=

. (20) is not served and so cannot decrease, therefore, . (21) Finally, (22) . The transitions in Figure 3.1 indicate

1. For any queue occupancy such that , the next state is bounded by . 2. If , then both queues in are non-empty. 3. If both queues in are non-empty and , then .

Hence, if for some n, , then for all , which proves the theorem.

L_M n 1+( ) L_M n( ) ≤ L_m n( )

L_m n 1+( ) L_m n( ) ≥

D n 1+( ) 4≤

D n( ) 3≤ D n 1+( ) 4≤

D n 1+( ) 4= L_M n 1+( ) L_M n( ) D n( ) 4= D n 1+( ) 4≤ D n( ) 3≤ n′ n≥ D n′( ) 4≤

APPENDIX 4

Stability of NxN Switch with i.i.d. Arrivals

1 Definitions

In this appendix we use the following definitions for an NxN switch:

1. The state vector, representing the occupancy of each queue at time n: . (1) 2. The (constant) arrival rate matrix:

(2)

and associated rate vector:

. (3) 3. The arrival matrix, representing the sequence of arrivals into each queue:

(4)

and associated arrival vector:

L n( ) L_{1 1,} n( ) … L_{1 N,} n( ) … L,_{N 1,} n( ) … L_{N N,} n( ) , , , , , ( ) ≡

Λ λ_{i j,}[ ] where: λ_{i j,}

i 1=

N ∑^{1 λ} i j,_{j 1=} N ∑^{1 λ} i j,^{0≥,≤} ,≤ , ≡

λ λ_{1 1,} … λ_{1 N,} … λ,_{N 1,} … λ_{N N,} , , , , , ( ) ≡

A n( ) A_{i j,} n( )

[ ] where: A_{i j,} n( )

1 if arrival occurs at Q i j,( ) at time n 0 else {≡ , ≡

. (5) 4. The service matrix, indicating which queues are served at time n: (6)

and , the set of service matrices.

Note that:

and hence is a permutation matrix. We define the associated service vector: , (7) hence .

5. The approximate next-state vector: , (8) which approximates the exact next-state of each queue

. (9)

2 Main Theorem

Theor em A4.1: An NxN switch is stable for the LQF algorithm under i.i.d. arrivals.

3 Proof

Before proving this theorem, we first prove the following theorems.

A n( ) A_{1 1,} n( ) … A_{1 N,} n( ) … A,_{N 1,} n( ) … A_{N N,} n( ) , , , , , ( ) ≡

S n( ) S_{i j,} n( )

[ ] where: S_{i j,} n( )

1 if Q i j,( ) is served at time n 0 else {= , ≡

S n( ) S∈

S_{i j,} n( )

i 1=

N ∑^Si j,^{n( )}

j 1=

N ∑^1 = =

S n( ) S∈

S n( ) S_{1 1,} n( ) … S_{1 N,} n( ) … S,_{N 1,} n( ) … S_{N N,} n( ) , , , , , ( ) ≡ S n( )^2 N=

L̃ n 1+( ) L n( ) S n( )– A n( )+ ≡

L_{i j,} n 1+( ) L_{i j,} n( ) S_{i j,} n( )–

[ ]^+ A_{i j,} n( ) + =

Theor em A4.2: The doubly stochastic matrices, , form a convex set, , with the set of extreme points equal to permutation matrices, .

Proof: The set is clearly convex: for all rate matrices and for every real number , the point . A permutation matrix is doubly stochastic and is therefore a member of the set . Furthermore, there are no two distinct matrices such that , for real . Hence, a permutation matrix is an extreme point of .

Theor em A4.3: , where , the service matrix selected by the LQF algorithm to maximize .

Proof: Consider the linear programming problem:

(10)

which has a solution equal to an extreme point of the convex set, . Hence,

(11) and so .

Theor em A4.4: .

Proof:

(12)

where . because is a real vector, and because .

Λ C S C Λ_1 Λ_2, C∈ α 0 α 1 < < , α Λ_1 1 α–( ) Λ_2

+ C∈ S C Λ_1 Λ_2, C∈ α Λ_1 1 α–( ) Λ_2

+ S= α 0 α 1< <, C L^T n( )λ S^* n( )

– 0 L n( ) λ,( ) ∀ ,≤ S^* n( ) max L^T n( )S n( )( ) = L^T n( )S n( )

max L^T n( )λ ( ) s.t. λ_{i j,}

i 1=

N ∑^{1 λ} i j,_{j 1=} N ∑^{1 λ} i j,^{0≥,≤} ,≤

C

max L^T n( )λ

( ) max L^T n( )S n( ) ( ) ≤ L^T n( )λ max L^T n( )S n( ) ( ) – 0≤

E L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( ) L n( ) – [ ] 2N λ∀,≤

L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( ) – L n( ) S n( )

– A n( ) + ( )^T L n( ) S n( )– A n( )+

( ) L^T n( )L n( ) – = 2L^T n( ) A n( ) S n( )–

( ) S n( ) A n( )–( )^T S n( ) A n( )–( ) + = 2L^T n( ) A n( ) S n( )–

( ) k,+ = 0 k 2N

≤ ≤ k 0≥ S n( ) A n( )– k 2N≤ S n( ) A n( )

–^2 2N≤

Taking the expected value:

(13)

From Theorem 4.4 we know that , proving the theorem.

Theor em A4.5: , ,

, where is any rate vector such that .

Proof:

(14)

where is the angle between and .

We now show that for some whenever . First, we show that . We do this by contradiction: suppose that , i.e. and are orthogonal. This can only occur if , or if for some , both and , which is not possible: for arrivals to have occurred at queue , must be greater than zero. Therefore, unless . Now we show that is bounded away from zero, i.e. that for some . Because wherever , and because ,

, (15)

where and . Also,

, (16)

and so is bounded by

(17)

E L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( )

– L n( )

[ ] E 2L^T n( ) A n( ) S n( )–( )

[ ] 2N+ ≤ 2L^T n( ) λ S^* n( ) – ( ) 2N.+ = 2L^T n( ) λ S^* n( ) – ( ) 0≤ E L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( )

– L n( )

[ ] ε L n( )– 2N+ ≤ ε 0> λ 1 β–( ) λ_m ≤ 0 β 1< < , ∀ λ_m λ_m^2 N=

L^T n( ) λ S^* n( ) – ( ) L^T n( ) λ_m S^* n( )–{ } L^T n( ) βλ_m( ) – ≤ 0 β L n( ) λ_m θcos ⋅ – ≤ θ L n( ) λ_m θ cos δ> δ 0> L n( ) 0≠ θcos 0> θ cos 0= L n( ) λ_m L n( ) 0= i j, λ_{i j,} 0= L_{i j,} n( ) 0> Q i j,( ) λ_{i j,} θcos 0> L n( ) 0= θcos θcos δ> δ 0> λ_{i j,} 0> L_{i j,} n( ) 0> λ N≤

θ cos L^T n( )λ L n( ) λ

---------------------- = L_{max} n( )λ_{min}

L n( ) N

------------------------------ ≥

λ_{min} min λ_{i j,} 1 i j N≤,≤,( )

= L_{max} n( ) max L_{i j,} n( ) 1 i j N≤,≤,( ) =

L n( ) N^2L_{max}^2 n( )^{1 2/}

≤ NL_{max} n( ) = θ cos

θ cos λ_{min} N N ------------ ≥

Therefore

. (18)

Theor em A4.6: , . Proof: , (19)

therefore , (20) and so . (21)

Using Theorem 4.5 this concludes the proof.

Theor em A4.7: There exists a s.t. , where .

Proof: and in Theorem 4.6.

We are now ready to prove the main theorem.

Proof of Main Theor em: in Theorem 4.7 is a quadratic Lyapunov function and, according to the argument of Kumar and Meyn [27], it follows that the switch is stable.

E L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( )

– L n( ) [ ] βλ_{min} N -------------- L n( ) – 2N+ ≤

E L^T n 1+( )L n 1+( ) L^T n( )L n( )

– L n( )

[ ] ε L n( )– N^2 2N+ + ≤ ε 0> λ 1 β–( ) λ_m n( ) ≤ 0 β 1< < , ∀

L_{i j,} n 1+( ) L̃_{i j,} n 1+( )

1 if L_{i j,} n( ) 0 S_{i j,} n( ), 1 = = 0 else + =

L^T n 1+( )L n 1+( ) L̃^T n 1+( )L̃ n 1+( )

– N^2≤

E L^T n 1+( )L n 1+( ) L^T n( )L n( )

– L n( )

[ ] E L̃^T n 1+( )L̃ n 1+( ) L^T n( )L n( ) L n( ) – [ ] N^2+ ≤

V L n( )

( ) E V L n 1+( )

( ) V L n( )( ) L n( ) – [ ] ε L n( )– k+ ≤ k ε, 0> V L n( )

( ) L^T n( )L n( )

= k N^2 2N+=

V L n( ) ( )