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APPENDIX 1

Arbiter Synchronization for
Single-lteration SLIP

In this appendix, we find an approximate expression for the expected number of synchronized

output schedulerss [ ()]

We patrtition the set of switch inputs= {1, ..., N} into two subsets at tinAdgt): , the set
of inputs that are matched aBdt) , the set of inputs that are not matched. If the arrival rate aver-
aged across all inputs »s then for a sustainable and stationary ergodic arrival process the
expected match size BN and on averad¢, inputs will send a cell. Clearly then, the expected

size of A(t) andB(t) are

E[IA®I] =AN , E[IB®I] = (1-A)N=AN. 1)
Similarly, we partition the set of switch inpu® = {1, ..., N} into two subsets at time t:

AS(t)andBO(t). AC(t) is the set of outputs that are matched to inpuég(tyy andB©(t) are the out-

puts not matched at time t.

As a result of the matching at time t, the Aét) is transformed into tlﬁe(tseﬂ) , the set of

inputs that the outputs iho(t) point to at time t+1. Each elementA{t) is unique, and because
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’4 A(t) B(t) >‘

Bo(0) B, (1)

I | I
A(t+1) | I§(t+1)

FIGURE Al.1 Mapping of matched and unmatched inputs atttitmenodified sets at tinte-1.

they were matched at time t, each element mapped A@in ,&i(ttﬁ 1) is also unique. The

expected size o;\(t +1) is

E[At+D)] = E[JA® = E[JA®I] = AN. @)

Because none of its elements are matched, th&(get is unchang!:e(d,ﬁ.ﬂe) = B(t)

To determineE [(t+ 1)] , the expected number of synchronized output arbiters at time t+1,

we must find the number of elements,&l(lt +1) that are still unigue and the number that clash

with elements mapped frol(t) . Without loss of generality, and to simplify our calculations, we
assume that a one-to-one mapping is applie,él(tor 1) suchft(laf 1) = A(Y) and hence
é(t + 1) # B(t) . As before, the elements &f(t +1) are unique, and we can think of the elements

of I§(t + 1) as randomly distributed overThis is shown in Figure Al.1.

To find E[(t+ 1)] , we partitionB(t) intdB,(t) elements that are mappedﬂ((lm 1) , and

B, (t) elements that are mapped irﬁ(x +1)
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Finally, we definel ,(t + 1) andlg(t+1) as the number of unique elemem‘é\a‘m 1) and
é(t +1) respectively, and

E[t+1)] = N-E[U,(t+1)] —E[Ug(t+1)] . (©))

If we assume that under the mapping the elemeritdf unéfiarmly distributed inl, then

E[Upt+D)] At + 1), Bo(®]= At + 1) A+ D] - 1%‘30(0

A+ 1)

O E[Upt+D)| B By®] = (N-[BQO)) [B(N(rglig)(lt))n_l%mn_Bl(t) (4)
and,

E[Ug (t+1)| B, B,(]= B,) EH%%BIG)_J- 5
O E[UB(t+1)| |B(t)|,Bl(t)]: B, (1) EH%}%Bl(t)—l (5)
Hence,
E[S(t+1) ] [BO), B,®)] = o

N—|B(t)|) —1BM®I-B,(® B(t) —1B,®-1
- (n- B R B - cHRR T

To find E[S(t+ 1)] we need to know the distributions|B{t)] ~ a&dt) . Unfortunately, both

random variables depend on the traffic arrival pattern. Furthermore, we cannot use Jensen’s ine-

guality to bound Eq. 6 from below or above. This is because Eq. 4 is a concave function of

|B(t)| andB,(t) whereas Eq. 5 is convex.

However, simulations with a variety of arrival patterns indicate E{eg8( t+ 1)] is relatively

insensitive to traffic statistics. We therefore approximate the random variables with

B =E[IB®I] = AN andB,(t) =E[B,®)] = AN
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This leads us to the approximation,

AN — 1[AAN AN —1[R°N-1

E[al)] :N—)\ND—XN—D _XZNWD . (7)
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APPENDIX 2

Stability of Single-Iteration
SLIP Algorithm

L(n

FIGURE A2.1 2x2 switch with a single queue.

1 Single-Step Drift Analysis of 2x2 Switch with 1 Queue

1.1 First Approximation
Consider the switch in Figure A2.1. All three arrival processes are i.i.d. Bernoulli. We wish to

find the values ok, £, ande, for which the switch istable

Define L to be the expected valueldh + 1) (the occupancy of Q(1,1) anhtihecondi-
tioned onL(n) and_(n) >0

L = E[L(n+1)| L(n),L(n)>0] . (1)
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If L—L(n)>0 then L(n) has a single-step positive drift which means fhpt(n)] — o

and the switch is unstable.

This system may be described as a discrete-time Markov chain (DTMC) with state

X = (9pa) )
where L is the occupancy €)(1, 1) , the value of the poigteat output 1, and the value of
the pointera; at input 1. The evolution of state for the switch using the SLIP algorithm, condi-

tioned onL(n) >0 and = 0 is shown below
0181

? L (0, 0) 1 L-1 (0, 0)

- - €1 81

el |y L1 2 110,1) |2 = = =
L (1, Oyse— 1= L-1 (1, 0)

€18 €18 - -
L (1, 1) €18 L-1 (1, 1)

where g, =1-¢,,&,= 1-¢, . The state transition matrk,conditioned orL (n) >0 and

A=0is

0O 0 0 1

0 0O ¢
P = (3)
, 0 0 &

€185 E18; €18, €48

from which we obtain the steady-state distribution

1
1+&,e,+€.8,+€.8,(1+E +E))
1,0 = g5, 01L, 1, 1) (4)
n©, 1) = ge,01L, 1, 1

ML, 1 =

Frommtwe find
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L =Ln- [ 1 } ©)

1+g.e,+e.8,+e.8,(1+E +E))

which if we consider the arrivals at rat@ivesJ, the expected single-step increase function

sz—[ L } (6)

1+ 2 +g2—2¢3

where we define =€, = €, because of the symmetric and identical dependeacanzh

5. The unstable region of operation is given by

)\>[ 1 } (7)

1+2e+82-2¢3
We can find the maximum positive drift, .. (the “most unstable operating point”) by defin-
ing
A =1-g-9, o<1 (8)

From Eq. 6 we find thalmaxi =0.098 which tells us that the drift can be positive for any
5=0

value ofd <0.098, or alternatively

J>00 A+e>1-0.098 ©)

1.2 Second Approximation

The first approximation assumes that cells arriving at egteade, are discarded if they are
not successfully scheduled. However, if unsuccessful cells are queued rather than discarded, they
will affect the service rate dP(1, 1) over multiple cell times. We model this effect by approximat-
ing thebusyandidle cycles of input queue®(1,2) ar@2,1) with a 2-state Markov process,

shown in Figure A2.2.

The behavior of)(1, 2) an@(2, 1) may be modelled by an M/G/1 queue with an arrival rate

A, and service rate— %)\1 . From [43] the expected duration of the busy and idle cycles

1 p
E[B] = = (10)
Dl—l-)\ D_)\ 1_p
2% "2

E[I] = Xl- = —l—g—a (11)
2
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L(n
AN — >
M(n)
M(n)
@)
M/G/1
)\2 — —

(b)

FIGURE A2.2 (a) Approximation of arrivals as an on-off process modulated by a 2-state discrete-time Markov chain,
M(n). (b) The arrival process models the busy/idle cycles of input queues Q(1,2) and Q(2,1). (c) The Markov chain
alternates between the busy and idle states. In the busy state, the arrival rate is 1. In the idle state the arrival rate is 0.

from which we obtaimp andq as functions oh; andA,.
To find
L = E[L(n+1)| L(n), L(n) > 0] (12)

we model the evolution of the system using a DTMC with state

X = (95,285,858 (13)
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wheres is the statebusyoridle) of the 2-state DTMC modulating the arrival process at input

i. The state 16x16 transition matrix is

n

s.s,=(B,B) (B (L,B) (L)

00 01 10 100 0110 1100 0110 1100 01 10 il_
. 00 , P pp| s/ pp
oo PP pp pp
o pp pp pp
P= | = 1l _pp pp pp (14)
~ 00| _ pq paj__ pa|_ pq
= (1)(1) P _|pa pq pq _
S og ™ ocPd 5P 5qPd
= 00 P pq pq pq
. 01 _ pq paj pal P
= 1o/pda  _ | pq pa __ |pa _
1 Pd_| P Pq Pq
~ 00 q qq qaq o
- 01 97 qq qq q2
~ 10 q qq qq q
11 e qq qq 9
from which we find the steady-state distribution
n= (n(B, B O0,0.. 7l 11) . (15)
For brevity, we show an example of just one element of the distribution
(B, B, 0, 0) = p(a-1)2(p?g2—pq? + p3q—3qp® + 5pq—29 —p3 + p>—3p + 2)
C T (a%p + p2a?-3q%p + g% + ptq— p3q—p3q - 2qp? + 7pg—-3q—p* + p3 + 2p2—3p + 3) (q-2+p) 2
(16)
We findL frommand the expression
L = L(n)— [T(B, B,0,0) + (B, 1,0, 0) + (I, B, 0, 0) + (I, 1, 0, 0) +T(B, I, 1, 0) (17)

+11,B,0,1) +7(,1,0, ) +7(l,1,1,0) +7(l, 1, 1, 1)]

This leads to an expression for the single-step drift fundtas the ratio of two 10th degree

polynomials. As a result, we have only been able to find the conditiokhsandA, numerically

such that] is negative and the switch is stable.
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2 Matrix Geometric Solution for 2x2 Switch with 1 Queue

Consider again the switch in Figure A2.1. In this section, we find the steady-state distribution
function for the queue occupancy, L and find the valuesaride necessary for stability. To do

this, we use the matrix-geometric technique of Neuts [36]. We define the state
X = [Xg Xy X o] (18)
whereX, = {(L,9;,2,):9,0{0,1},a,0{0,1}} and wish to solve the infinite sys-

tem of linear equations

n

I
-
v
3
)
I
H

(19)

where

n= [DO, o, 0, 1, 0, = steady-state distribution o)_(i, (20)

eis the column vector with all its elements equal to 1, and the transition probability matrix is
of the form
By Ay O -
By AL Ay - _
82 A2 A1

0
1

(21)

In this examplej5 is most easily understood when separated into two parts, conditioned on

whether or not an arrival occurs

P = APy + AP, (22)
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where I5A and5‘x are

0
>

00 01101

DO 01101

100 0110 11

=

,_____
mimimi
)

L=0
00 01101

L=1
DO 0110 1

L=2
00 0110 11

______

_______

Clearly, P is of the form of Eqg. 21.

_______

To find the steady state distributibinwe use Lemma 1.2.3 and Theorem 1.2.1 of [36}. If

positive recurrent, then we can find (using a method outlined on page 9 of [36]) a uniqué&matrix

which satisifies the equation

R= Y RA
k=0

such thafl, , , = O,R fori 20 , the spectral radiusRafsp(R)<1, the matrix

B[R = ¥ R'B,
k=0

, WhereA, is as shown in Eq. 21.

(23)

(24)
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is stochastic,

0,(—-R) ‘e = 1,and (25)
N, = O,B[R . (26)
Alternatively, for the Markov chain to be positive recurrent (i.e. for the system to be stable) it

is necessary that the spectral radiuR bk less than 1.

Solving forR andB[R] we obtain

0 0 0 0
1-2eN+ 282X (1—g€)eA (1—g)eA l}\T}\
REGEN | oene2e2h  (1-6)eh (1-g)e 1%\ 27)
€(83-26-2\+2e)\) 1-¢ l-¢ )\(2+8_2812__)\28)\+282)\)
1-A 0 0 A
B[R] = €(1-A) 1l-e—-A+eA 0 A . (28)
€(1-2) 0 l-g—-A+eA A
€2(1-7) (1-g)e(1-A) (1-€)e(1-A) 1-2c+€2+2eh—€2\
where
eA
€A = . 29
9(e ) (1— 2\ —g2\ + 283\ + 26202 - 2¢3)\2) (29)
The spectral radius
sp(R) <1 )\<[ 1 } (30)
1+2c+g2-2¢3
which is identical to the stability requirement of Eq. 7.
We can also solve Eq. 25 and Eq. 26 above toffigd . The resulting expression is a vector of

elements, each of which is the ratio of two 6th order polynomiasaimdA from which we can

successively generafé,, [1,, 15, ... . We do not repeat these (long) expressions here.
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APPENDIX 3

Stability of 2x2
Switch

1 Stability of 2x2 Switch with 3 Active Flows (Theorem 4.2)

In this section, we find sufficient conditions on a scheduling algorithm for a 2x2 switch with 3
active flows such that the switch is stable under all admissible, arrival processes with i.i.d. interar-

rival times. The switch is illustrated in Chapter 4 Figure 4.6.

1.1 Definitions

Define the vector of queue occupancies

L) = (Ly o0, Ly AN, Ly 4() . (1)
We now consider the single-step changé(m) conditioned on whether the switch is in con-

figurationA or B, as shown in Chapter 4 Figure 4.6:
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L]_’ 1(n+1) = [L]_, 1(n)_1] ++n1%

le J(n+1) = L1, (N +n, EConfigurationA
Ly 4(n+1) =L, 4(n)+ng H

2
Ly n+1) =Ly 4(n)+n, O

0
Ly n+1) = [Ly [m-1]"+n, EConfigurationB

sz 1(n+1) = [Lg‘ 1(”)_1] ++713 U

where

(1, if an arrival occurs at queue i, w.p,

' [, else
We define the quadratic Lyapunov function
V(L) =LMTQL(N =0, whereQ = [q;], q;20. 4)

1.2 Problem statement

If we can find &Q suchthatE[V (L(n+1)) =V (L(n))| L(n)] <O , then the queue occu-

pancy has a downward drift and the switch is said tstdae

1.3 Solution

As there is no systematic method for findig we must guess its form. We assui@e that is
symmetric, i.e.[qij] = [qji] . Further, we guess that if the switch is stable under all admissible
offered loads, then it will be marginally stable when= A; =1 and= 0 .i.e.

E[V(L(+D) =V (LM) | L), A, = Az =12, =0] = 0. 5)

This leads us to the guess

42
Q = a|2 1 1/, foranyintegera. (6)

21

This matrixQ leads to a stable switch under the following conditions.
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Conditioned orLL 1(n) >0, Ll, »(n) >0, L2, 1M >0 :

E[V(L(n+1)) =V (L) | L(n),A] = (=2+2A; +\, +A,)
(=2+ 20+ N, + A5 +4Ly () +2L, ) +2L, 4(N) (7
<0

E[V(L(n+1)) =V(L(M) | L(n),B] = (—2+ 2\ +A,+],)
(=2+ 20+ N, +Ag+4Ly () +2L, Hn) +2L, 4(N) (8)
<0

Similarly, conditioned on eithdr, n) = 0 dr, ,(n) =0

E[V(L(n+1) -V(L(M) | L(n), A] <O (9)

whereasE [V (L(n+ 1)) =V (L(n)) | L(n), B] maybe greater than 0
Finally, conditioned ort.; ,(n) = 0 :

E[V(L(n+1)) -V (L(M)| L(n), B] <0 (10)

whereasE [V (L(n+ 1)) =V (L(n)) | L(n),A] >0 .

1.4 Stable Algorithms

The value 0fQ above enables us to define the following algorithm that will be stable under all

admissible traffic with i.i.d. arrivals for a 2x2 switch with three active flows:

1. If L, 4(n) = O, set crossbar to configurati@n

2. Else, if eithel; ,(n) = 0 ot, ,(nN) = 0 , setcrosshar to configuration

3. Else, set crossbar configuration to either B.

2 Relative Queue Sizes (Theorem 4.3)

In this section we prove that if or any arrival process to a 2x2 switch, if forisome

{Ly 4+ Ly 5} = {Ly o)+ L, (M} |<3 (11)
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FIGURE A3.1 All possible single-step increasegin(n) | . Arrows marki:}.—F require two arrivals, which
means that both queuesli, (n)  are non-empty in the next cell time.

then for alln' = n

{Ly 4(M) +L, M)} = {Ly M) +L, ()| < 4. (12)

For convenience, define

La) = Ly M +L, ) Lg(n) = Ly fm)+L, 4(n) (13)
and assume without loss of generality thafn) = L 5(n) , i.e.
La(n) = Lg(n) + D(n) (14)

forsome D(n)=0 .

Finally, define

Ly = max(L,(n), L(n) (15)
L.(n) if L,,(n) = Lg(n
. ALy = Lgm) -

Lgn) if Ly,(n) = L)
Theorem A3.1:All possible single step increases| (n)| are shown in Figure 3.1.

Proof:
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Case (i): D (n) = 0. First we consider all possible valuesbfn + 1)| when
D(n) = 0,i.e.L,(n) = Lg(n) . We shall assume, without loss of generality that the two

queues that contribute to,(n) ~ are served at time

At most two cells can arrive to the switch in a cell time, which means that

DO : 0 arrivals
Lg(n+1) = Lg(n) + Bl 1 arrival a7)
2 2 arrivals

and that at most two cells can depart from the switch in a cell time, which means that

72 :(2dep.and O arr.),
Ln+1) = L)+ B—l :(2dep.and 1l arr.),or (LdepandO ar_r.)
00 :(2dep.and 2arr.), or (1dep and 1 arr.)

1 :(1dep.and2arr.),or (Odepand1larr.)

(18)

Note that there can only be 0 departurek jfn) = 0 and only 1 departure if either
L1, 1(n) =0or L2, Jn) =0.

From Eq. 17 and Eg. 18 we find the following possible increBges tgn= 0

Bl D (LA(M) - La(M) =1), (Lg(n) - Lg(n)
2 (L) - Ly(n)=1), (La(n) — Lo(n) +1

D Dl = B (La(M) = La(n) —1), (Lg(n) - Lg(n) +1) 19)
%31 (La() - LA(M) =2), (Lg(n) - Lg(n) +1)

4 :

(LA — La(M)=2), (Lg(n) - Lg(n) +2)

Note that|D(n)| = 4 if and only if two arrivals occur. This means that both queues that

contribute toL,(n + 1) are non-empty.

Case (ii)-(iv): |D(n)] = 1, 2, 3. By enumerating all transitions, as f@(n)] = 0 , we
find the transitions from 1, 2, 3 in Figure 3.1.

Case (v): ID(n)] = 4. In cases (i)-(iv) we found that transitions if(n)| = 4 require
that two arrivals occur and that both of the queues that contribute(t when
|ID(n)] = 4 are non-empty. As a result, the matching at tinserves two queues, hence
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Lyn+1)<L,,n). (20)
L(n)is not served and so cannot decrease, therefore,
L (n+1)=L (n). (21)

Finally,

ID(n+1)| <4 (22)

The transitions in Figure 3.1 indicate

1. For any queue occupancy such txn)| < 3 , the next state is bounded by
ID(n+1)|<4.

2. If [D(n+1)| = 4, then both queues ip,,(n+1) are non-empty.

3. If both queues i, (n) are non-empty din)| = 4, thBfn+1)[<4

Hence, if for some, |D(n)| < 3, then for alin’ > n ,|D(n")| <4 which proves the theorem.
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APPENDIX 4

Stability of NxN Switch

with 1.1.d. Arrivals

1 Definitions
In this appendix we use the following definitions forNaiN switch:
1. The state vector, representing the occupancy of each queue @t time
L) = (Ly o) Ly (@ Ly 1), Ly () 1)
2. The (constant) arrival rate matrix:

N N
[)‘i,j]’ where: Z )\i,j <1, z )\i’j <L,A .20 (2)

7AN ij
i=1 i=1

and associated rate vector:

A= (A g A g e Ay 1 oo Ay ) - (3)

3. The arrival matrix, representing the sequence of arrivals into each queue:

1 if arrival occurs aQ(i, j) at timen
0 else

A(n) = [Ai’j(n)], where: Ai’j(n) = { 4)

and associated arrival vector:
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A(n) = (Al, 1(n), ""Al, N AN’ (N, .., AN' N)-

4. The service matrix, indicating which queues are served antime

1 if Q(i, ) is served at timen

S =15,;O],  where:S ; () = { e

andS(n) OS, the set of service matrices.

N N
Notethatzz Slj(n) = Z Slj(n) =1
i=1 j=1

and henceS(n) 0 S is permutation matrix

We define the associated service vector:

SN = (Sy 40, -, Sy (M) o Sy 1(N)s s Sy (M),

hence|S(N||2 = N .

5. Theapproximatenext-state vector:

Lin+1)=L(n)-S(0+A®N) ,

which approximates the exact next-state of each queue
L+ D) = [ ) =S ;01" +A 0.

2 Main Theorem

Theorem A4.1:An NxN switch is stable for the LQF algorithm under i.i.d. arrivals.

3 Proof

Before proving this theorem, we first prove the following theorems.

()

(6)

(7)

(8)

(9)
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Theorem A4.2: The doubly stochastic matriced, , form a convex@et, , with the set of

extreme points equal to permutation matrices,

Proof: The setC is clearly convex: for all rate matriges A, 11 C and for every real num-
bera, 0<a<1,the poinbA; + (1-a)A,0C . Apermutation matr& is doubly stochastic
and is therefore a member of the €&tFurthermore, there are no two distinct matrices
Ay A, 0C such thataAy + (1-a)A, = S, forreatr, 0<a<1 . Hence, a permutation

matrix is an extreme point & [

Theorem A4.3: LT(NA-S'(N)<0, O(L(n),A), whereS'(n) = maxLT(n)S(n) , the

service matrix selected by the LQF algorithm to maxirbiZ@)S( ) .

Proof: Consider the linear programming problem:

max(LT(n)})
N N (10)
s.t. z A=l Z AijsLA ;20
i=1 ji=1

which has a solution equal to an extreme point of the conveg€set, . Hence,

max(L T(n)2) < max(L T(n) (1) (11)
and soLT(N)A —maxLT(n)§() <0 [
Theorem A4.4:E[LT(n+ 1)L(n+ 1) —~LT(n)L(n)| L(N)] <2N, OA.
Proof: - ~
LT(n+1)L(n+ 1) -LT(n)L(n)
= (L(n) -0 +AM) T(L() — (N + A(n)) —LT(n)L(n)

= 2LT(n) (A(M —S(A) + (SN —AM) T(S(H —A(N)
= 2LT(n) (A(M —S(1) +k,

(12)

where0<k<2N .k=0 becaus&n—-A(n is areal vector, akhd2N because
IS(A - A(n)|2< 2N.
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Taking the expected value:

E[LT(n+)L(n+ 1) -LT(n)L()| L(M)] < E[2LT(n) (A(N) -(N)] + 2N

(13)
= 2LT(n) A -S'(n)) +2N.
From Theorem 4.4 we know th&LT(n) (A—=S'(n)) <0 , proving the theorém.
Theorem A4.5:E[LT(n+ 1)L(n + 1) ~LT(n)L(n)| L(n)] <—¢|L(n)] + 2N, £>0,
OA< (1-B)A,, 0<B<1,where)  is any rate vector such t|’H@'m||2 =N
Proof:
LT (A-S' () <LT(n {2, ,-S' (M} -LT(n) (BA,) 14)

<O0-BIL (Ml OA | cosd

where6 is the angle betweeln(n)  akd

We now show thatosB >d for som®>0 whenegn)#0 . First, we showdbsd > 0

We do this by contradiction: suppose tleasd = 0 |, Lén) and  are orthogonal. This can

only occur ifL(n) = O, or if for some,] , both, j = 0 ard j(n) >0 , which is not possible:
for arrivals to have occurred at queQg, j) A, ]. must be greater than zero. Thezefire, 0
unlessL(n) = 0 . Now we show thabst is bounded away from zero, i.ectst> o for some

6>0.BecauseA; ;>0 wherevér, ,(n)>0 , and becalips N

LTm2 _ tmad™MAmin

cosH = > , 15
Lo~ JLml /N 49
whereA . = min()\i,j,lsi,j <N) and. (") = max(Li,j(n), 1<i,j<N) . Also,
ILm)ll < [N2L2 (m]Y2 = NL (1), (16)
and socosB is bounded by
cosh > —min (17)

NJ/N
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Therefore

~ ~ A
E[LTn+ DL+ 1) -LTLM)]| LM)] <- %‘numn +2N.O (18)

Theorem A4.6:E[LT(n+ 1)L(n+ 1) —LT(n)L(n)| L()] <—¢g[L(n)] +N2+2N, >0

0 A< (1-B)A (), 0<P<L.

Proof:
- M ifLij(n)zo,Slj(n)zl
Li‘j(n+1) =L jin+)+ 0 ’ ’ : (29)
else
therefore
LT(n+)L(n+ 1) —LT(n+ 1)L(n+ 1) < N2, (20)
and so

E[LT(n+ LM+ 1) -LTMLM)|LM)] <E[LT(n+ )L+ 1) ~LT(MLM)|LM)] +N2. (21)

Using Theorem 4.5 this concludes the praof.

Theorem A4.7:There exists &/(L(n)) s.E[V(L(n+ 1)) —V(L(n)|L(n)] <—¢|L(n)] +k

wherek, €>0 .
Proof: V(L(n)) = LT(n)L(n) andk = N2+ 2N in Theorem 4.8
We are now ready to prove the main theorem.

Proof of Main Theorem: V(L(n)) in Theorem 4.7 is a quadratic Lyapunov function and,

according to the argument of Kumar and Meyn [27], it follows that the switch is diable.



